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°OTENTIAI FLOW THROUGH GENERIFUGAL PUlPS AND TURBINES*

By E Sorensen .

. . - '._.
The methods. of conformal transformation up to the

Present have been applied to.the potential flows in the
rotation of so0lid bodlies onl~w to a limited extent. The

.Principal reason fTor tals lies in the fact that the bound-

ary conditions are not rmaintained after the transformation.
All pmotions of solid bodles in the fluid lead to boundary-
valué problems of the second tyve, in the sense of the po-
tertial theory because or certain bounderies of a resgion,
not the potential itself but i1ts normal derivative, is
given. 1In transformations referring to pure translatjions,
this diffliculty was net by »nassing from the absolute to
the relatlve flow &nd thus converting tke boundar—-value
problen of the second kind irto one of the first kind.

The nethod, nowever, 1g not applicable tc notions of rota-
tion sirce the relatiwve notlon is no longer free fronm vor-
tices (irrotational). The case of rotational motior is,
however, & very invortent one and absolutelr necessary for
Investicgations on cenirifugal punps aand turvines. Sone
successful attenpts have been rado at treating thls probd-
len of rotational notion. Xucharski, in 1918, investizot—
ed the rotation of a radial-blade srstem, waose blades ex~
terded to the axis ("Flows of a Frictionless Fluid," Olden-
bours, 1918). Witacut nraking use of conformal trensfor-
natlon, he investigated the relaiive flow and comvputed 1%
nunericnlly with the aid of an apvroxination method.
Spannhake, then, ir 1925, using the absolute flow as a ba-
8le for hls investigation, conputed, with the ald of con-—
fornal transformation, tkhe systen of radial blades with
arbitrary entrance and exlt radii, z2nd indicated the pos-—
8ibility of conputing srstenms with arbltrary blade shapes

(Z.fen.MeM., Bd. 5, Heft 6, 1925, pp. 481-434). Both su-

thors considered the so-called “two—dirensionﬂl £flow,"
which will also be used es a bpabls of tae present work,.

| ]
"Potentialstrgnungen durch rotierende-Kreiselr;der;“
Zefenet e, Bd. 7, Heft 2, April, 1927, pp. 89-106.
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1 THE COMPLEX POTENTIAL FOR TEE ROTATION

The rotatlion of an arbditrarlly shaped bdlade 1ln a con=-
plex w plane gives rise to a definite and known noérmal
component v, of the velocitr for all water partlicles on

the blade surface: In the w plane let the blade ve 3iven
by a2 piece of a curve wg = f, (a), where a 1is a var=nm-

etor thet varles bvetween definlte linits 2, § a < a;. The

angle a«, at which the bHlede curve intereects, a rar from
the orizin of ccordirates w =0 (fig, 1) is similarly
a function of a; cos o = ¥y (a). Let the blade rotate
with the cnguler velocitr w abtout the polnt w = 0§
There tlen arises n periphreral velocityr u =w |w5| =

lfl (a)' wWe The normai component of the veloclty of a
water particle on tiae blaode surface is then v, = u cos a
=w |f3 (a)| fa (a). Kow let tke w plare, o~ a trans’or-
mation w ='g,(z) ©ve éarrled.over into a =z plane. Txe
voints 1z the 2 ©plane corresvondinz to the points wg

of txe blgde in the w plane =23ain lle on a definlite curve
By = ga(a) detoermined by the transformation function. It

is now required to find %the complex potentisl &(w), wiich
in the w oplare represents the rotation of the biade adout
the orlgin, This wmotential, after it aas been transformed,
must in the 2z wvplere at each point of the curve zg =

5,(a),” 3sive e nornal voloeltyr

dg,(z)
ep = W |f1(a)| fg (a) ——&E—— = gz(a)
[Z=‘§a(!\-) ]
e, = §5(2)  is similarly a definite and known function.

Now Svannhaike chose for Zg = qa(a) thc equation of

n cirecls at whose contor he assured a numbor of doubdble
sources (doudblets) of highor order:

- -}
£g = %a(a) =2+ q o' 0E a2 S 2m, O(s) = E %k—-l-—i—'—?{'
1 (z =~ 3 )k
Then
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op = = z: k [Ag cos(kn) + 3 sin(ka}] ¢~¥°1 =

= gs(a) = W lf:, (u.)‘ fa(a) Idz [2=gga(a)]

The potential 1s thus determined when the coofflclents
of the sbove Fourier series have been found. In thls way
it 1s fundomentnlly possidle to find the complex potentlal
for the flow through o rotating impeller with arbdbitrary
number of blades and dlade shavpes. The most important part
of the work 1s the earrying through of a narmonic annlysls -
8 process walch con bo carrled out simply, only 1if the

function e, = g3(a) possesses a well converging Fourler

serlos. This, however, is by no meanns nlways the case,
and the example treated below by 2 different method indle
cateas the practical impossibility of finding a sufflclent-
ly accurate series of this type for the requlred potentlal.
The transformation of the dlade w = g,(z) into & circle,
can be made in an infinlte number of wars and tae function
ep = §,(a) depends agzain on the position of the center

and on the radius of the transformed circle. It might
be trled, therefore, to choose the center and radius in
sucn a nanner that ga(a) gives a strongly converglng
serlesy 1%t cannot be vredicted, however, that this will
always lead to a successful solution.

The nothod chosen for the following computations
g€lves the potential in the form — no3 of a series - dut
of a definite integral. (Lamd, Hydrodynamics sections
57, 58.) Or the dlade curve =z, = ga(a). a source and

sink distribution is assumed. This source distridbution
can only ‘be made if the blade curve Ty = ga(a) encloses

a rezlon ln the z plane; i1.0., 1f the top and bottonm
sldes of tho blade are soparated. In tho w plane, this
is not nocessary. Tho transformation function can be Bo
choson that the rogior onclosed by the blade contour in
the = plane is transformed in the w plane into o sec—
ond Riemann sheet. The bdlade will then appear in the w
Plane as o section ir one Riemann sheet of the at-least
two~sheet w plare, the blade tips appearing as branch
points, ] ) R .

The quantity of water per second aprearing or vanish-
ing ot o polnt of the curve 33(a), is sinilarly a func-
tion of a: q(a) = 285%'(a). The quantity originating at o
curve element ds 1s dq = 2g3'(a) ds. The potential of
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this elenentary source is ,

-—3 ln(z-s;) = L 43'(3) ds ln [2=3,(a)] (1)
ds = Ez::a)

The potential for tho ertiro source distributlon, thero-
fore, is:

o] =-—&/ g5 '(a) dzaia) }n [z~2g (2)] da (2)
0 ()
(o) |852l2) -
e _ 1 g" da | e (o o —-1¥
i =3 /‘ p—— da = (cp=icg) o ()

29

whore Y 1s the anglo of inelination of the dlade curve
gg = 33(a) to tho axiz of roels. Tho nrodicm now is %o
fird a source distridbutior wilech at eack point Iives the
truo rogquirod e, commonont. In tho 3ercral caso, the
diffilculty b~ this nmothod 1o thus only shiftcd - rnot over-
cono., Tagre ara casosg, howover, for walech the source dis-
tribusions can readilr be iadicated. One of theso cases,
for exanple, 1s thet vwhere the blnde in the w plane can
be transformed intc a circle in the s plane; (zg =
gg{a) 1s ther the equation of a circle). A4s is known, a
source and sink of equal strergths separated dPr ary dis-
tance, glve rige to clrcles as streamlines. If a source
and sink of equal strengtih can be arditraril> located on
the circle s, = g5(a), then the latter becomes a strean-
linre. The ¢, component at anr position thez 1s not af-—
fected by any source or girk or the clircle, with the ex-
ception of the oune which lies at the poslition considered.
The ma%nitude of ¢, at anr polnt, therefnre, is propor-
tioral to t-e source strenzth at the polirt under consider-
ation.. The function for the source distrivution q(a)
253'(a) thus becomes 1dentical with the functilorn for the
8n component: .

a(a) = 26,(a) or g4'(a) = 5 (a)
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In this manner the roquired source distridbution and con-

“plex-potential - are found. - .- —

A second case 1g that conslidered iz detall in what
follows. The region abdout the bHlade in the w plane is
tranaformed lnto the upper half-plane, and the re3zlon en-
closed by the blade into the lower half-plare of the =
plane. The blade contour becomes the axls of reals in the
£ plare. Xach source or sink assumed oz this =axls nakes
tho latter itself a streamline and thus glves rise tn a
¢p conponent only at the pnint where the source is locat-
ed. The <oneral parameter a, 1n thls case 1s represent-—
ed oy tho runzing cnordinate of the axis of reals and in
the followlnzg will be denoted Dy 1; nlso,-in this case,
25 (V) = 55;(V) = ex(1). The function for the blade con=
tour becomes:

8a(l) =1; m0S 1S+ o ' (4)
Furtaer, ds = 4l
4-co
@(z>=%/l %3 (1) 1n (z = 1) al (5)
o .
/1+m
@ ., . -1/ s3(t) at |
dz °x = 1 ¢y = m ! z ~ 1 (6)

— 0o

This integral was first ziven dbr P. A. Wnlthor (Transac-—
tions of the Central Aero-Hydrodynamical Institute, Nn, 18,
Mascow, 1925),

The complex potertizl @(x) for each point sz = x +

i1y mey be computed as the definlte integral with respect
to 1 as integration variadle.

L]

-0

a _ 1 g5 (1) [(x=1) ~ 17"
iz cz-ic},.:;f—i(x—l)a_'_yr .cu_ (7)

Azein 1t will be shown exactly that  1im | 14
xactly a y_igo Lx-—gl [cy(x.y)]
= £3(1) = 0,(1). By separating, in equation (7), tkhe real
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and inagirarr parts, there 1s obtalned

frn +o
gz(1) ¥ a4l _1 e (1) ¥ al 8)
FTET) () e gE T /\ (1-x)? + ¥* (

Set u g (1 = x); then 4} = du. For | =% », u =% o,
Equation (8) now becones

“+co

1 ey (u+x) 7 du
Cor ='ﬁ' ) R

u + ¥y

—co
By splitting up into part integrals, there ls obtalned:

U3 U,

T [’cn(u+x)du 1 /‘c,(u+:)r du c (u+:)du
(e} = = — e e + = / ) 5
y = I u“+y o, u +y u® "'7'

=% uy .(9)

where u3< O <u,, ¥ belng conesidered as constant in
0

the inte3ration. The inte3rnl Aq = f ep(u) du <gives the

. uo
quantit> of water origirating on +tae piece of axis of
reals u > uye. This quartltr is ecual to thmat dieplaced
by the corresvonding plece of the rotatinz Hlade in the
Plane and must therefore be finlte. The inue"ral can ag—

sume a finite wvalue onlr if [c, (u)] = 0 l/w where k

is a number greater ther 1. Fronm this the result directly
obtalned is that the Tirst and last intezral of equation
(9) must similarlr be Fizite, becnuse Tor uU—>® the irn-

tegrand becomes infinltesinmnl to creater tahnan the tirird
order. Hence, 1lim [y/m (J, + J3)] = 0.

Since the furction F(u) = —3—%——5 alrars has the
vy u
8lgn of y, the irntezral _Ja can be transformed by the

mean value theorenm
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g
1 ' "y du
- L I Yy +.x). [. =
T -Gﬁ ( 0 f 22 ¥ ya -
.ul

where vy = u, + ¢ Zua - u,;) and 0< d< 1.

% Ja = % e (ug + x) L(ta?-l) %?-; ftan_l) %%]

If now y—>0, then (ten T) u;/y—> - w/2, because u, <0,

and (tan™?) u,/y—> + w/2, Tbecause uy > 0. Hence,
- .
1in | L J’a] = ep [uy + 8 (ugeu,) + x] = ey (ug+x)
r-—>0 m . :

Ir order to determine at which position the value c¢p
of (u) should be taken, the two values wu3 and mus are

made to ayproach zero. Thls does not change anythiang in
the proof thus far. Since u; < Uy < U, 1Y nust also

approach zero. There is thus odbtalned:

Ug
r ey (u)y du\ !
lim lim G [ B ) = on(x)
I,__>o!_ u, T . u® + ya J n
—>0 a
ua.r - 1
Ior u =0 x=1, herce

e | un (o (x. DI EEN (19)

2. 'APPLICATION OF THE METHOD

To carry out practically the avove—-descridbed procedure
.for the Zeneral flow through the rotating centrifusal pump,
the flow 1s decomposed into two components., (Sce Spann-
hoke.) One conmponert, the "discharge® flow, arlses from
the vortex source on tho axis.nnd fYe circulations about
the blade for the impeller.pt étawfisill. The blades are
streamlines and this flow sad be &irgctly derived from
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known potentlcls by a confornel transforration. The soo-
ond part, the "disnlacerent® flow, arises through the ro-
tation of the impeller in tho fluld at rest. Tho poton-
tlal for thig flow 1s Ziven by tho abvove~discusaecd inte-
fral,

In punp and turbine coastruction, overlapning blades =
that i1s, those for which tiae angle v >2n/a (fig. 2) -
are almost exclusivelry emplored. Such an inpeller, with
blades whoso conitours nre logarithric spirals, will now be
investigated in grentﬂr detail. For tuals purpose, the
tronaforration thnt Xonlg hng previously given (Z.f.aell M,
3d. 2, Heft 6, 1922), will be emplored. Thls transformation
l1s the following:

Z - - Z - Z
w, = ot ® in —=2 + o ia 1n _2 (11)
Z“Z'b B-Z-b
where g, =X, *+ iy, = r 1%, and zq = Xy * 1Fy = :v.‘:l,e:""'b

®
a
are two polnts on the positive half-plare of the g plare
with distances r, and ry from the origin; E, and Ty
are the cortespondirg conjugate values {(fig. 3). The sgiven
funetion transforms the renl cxls of the 2z plane into
the "lodder" shown in figure 4. The "steps®" are rectilin-
ear and varallel to the oxls of reols 1r the w plane,
one step lyinz on the axls itself on the nesative side,
with one end at the origin, Tho lengt: of = step 1s equal
to 1 =2 [ecoe & 1n ry/ry ~ (8, = 9y) sin al. The ladder
axis, with the axis of imaginaries of the w plane, makes
the angle a. h = 2m cos o« = t cos o 1 the vertical dis~
tance bYetweon the steps.

Yow (soe Igniz, loe. cit.):

sin (8, + a - n/2)

a) ml/h=1n gin (9, + w/2 = @) (m-29y) oz a (12)
L A T P (13)
e) 3.‘_&_ ain (6-b+ u,-..rr/_El). (14)

Tp  ein (&b.+‘“/g'? Q) St tte e e

The transformation detormines oily tio ratio r,/ry, dbut
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not the valuvesof r, and ry, +themselves. One of the
absolute valués may be arblitrarily choseny for example,
Yo = 1. In thlis way the compututions velow are conslder—
adly simplifled without restrlcting the gonerality of the
results. The following reletion now holds:

x2 +y2 =18 = 1 apd further, since
g = T = 9y XpTp = = Xy -(15)
Ta Tp = Tp (16)

From tho tronsformation equation, thero i1s odtalaned:

W =-oo If g =5, or =z =% wp, =0, 1f z = o

u!
wy =+ o, 1f g = gy or z = Epe. The imnge points of
£hy Zps 24, £y thus move off toward infinlty in the

wy ©nlane, while the imnge ﬁoint of 2z = » moves toward
the orlisin,

Bx meons of the transformation, wy = w, e;iu. the

lodder is rotated by tho angle a« aveut the orisin in
the clockwise direction (fig, 5). Tho axis is now at
right nngles to the axis of reals with the steps inclined
by the angle «.

*
B tho transformntion w, = e 2, o strip of the Wo
Plane of width 2m & 145 transformed into ~ sheot of tho
Ws plane (13 = p, ® Vs)_ The points of e£ll the stebs

now lle‘on = logarithmic spiral which intersacts every ray
through the origim at the angle a« (fig, 6). The right
end of the step corresponds to the polnt p, = Pag = 1

Vza = O 1n the wg plane, and the left end to the polnt

Py = Pgy = o=? cOBC, V= V;3 =1 ein a (in the diogram

‘I’ai > aﬂ)o
_By_the traneformation w = ﬁh’. a nlece of the aspl-

ral of the w; plane is transformed into n pleces of
the logarithmlic spiral in the w plane. These spirals



10 NACA Tgchhlcal Merotrandum Hr. 973 .

likewise intersect ‘every rar through the nrigin at-the an-
gle uw (fig., 2). To-the poin¥ p,, =1, VY, =0 corre=

. . PR
spond the n " points ,/1 =71 o 3“’ k=0,1,2 to n -1,
The inner bdiade (spiral) ends 119 on tie circle with p,; =

WP,,+ The angle ¥ subtended br a blade ls equal %o

ng; the blade spacing angle is equal to 2mw/n. The
ratio of taese two angles is denoted dbr m (fig. 5).

- _31 sin o _ ¢ 8in o cos o _ L sin 2o (17)
2n 2 t h h . 2

The successive tranasformation functions can be con-
bined 1nto a single one. From

5 - Z -

z-z-b Z"B'b

Wa n — *
wy = e ; w=/w, Zfollows:

[E_:__’; (z-z-)_' A (18.)

Z"Z'b

This 1s the function that transforms the real axls of the

Z ‘plane 1inato a blade srstem wlith n blades in the w
Plane. In this funetion «, g5, &rd zj are gtl1ll undeter—
nined; . a 1g the angle formed by the vlade with the radi-
us vector, and =z, and zy. are determined from equations
(12), (13), end (14) 47 n definite ratio of radii or over-
lap ratio m 1s prescrived. From n there 1s first de-
tcrmined by equation (17) V/h; then 3. ¥ equation

(12), ard finally, ru/ré or esquation (14).
3. POTENTIAL FOR THE FLOW WITH IMPELLER AT REST

The transformation equation (18) shows that for g =
Zg w'=0 and-for = =z w = o, For the flow with

blades at rest, the point w = 0 must ve a vortex source
and the point w = w, a vortex sink. At the point g, of

the z plane there muct therefore be located a vortex source,
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and £t the point Zy. O vortex sink. In order that the
axle of re-ls phall be_a 8% reumlinaL the source. and sink
must be reflocted in the points %, aad Ey. The poten—

tlial for the flow in the gz plane, therefore, is:

®a(z) = (g + im) 1ln (z-z,) + (s+ilo) 1a (g-2z4)
+ (g-im) 1n (zJEa) + (s=-1o0) 1n (zJEb) (19)

(See Kgnii. loec. cit,), vhere q 4is the strength of tle
sources, 8 that of the sinks, and m and o are the
vortex strengths. The :zon%inulty 1a satisfied oxly 1f

g = -~ 8 Dbecause there must be no sinXkx at infinliy.

4. POTENIIAL FCR THZ FLOW DUEZ TQ THZ BLADE ROTATION

The rotation of the impeller in the w plare 3ives
rise et thes blade surface %o norual conponents of the va-
ter velocity vy =|w| w cos @. 3By the function (18) the

bladee of the w plane are tracsformed into the axis of
reals of the g ©plane. Each voint =z = 1 of tais axis
thus corresponds to a lade poiat w, the value of 1
varylag from =« ® to + ., A votenitial rugt now be found

which at cach point 1 3ivos rine to a norrmal velocit:r:
e, = WV I—— = w |w | cos a lgﬁ
o .ﬁ2|(z=t) I ° 4z i (g=1)
1
la - —innz -la
z - 3.\° 5 = Ta\° ©
) AL S
e~lall o-la,
dw _ 1 ta ("-Z ) LAY ]n ot
dz n -2y, _5.
o (R )™ T Bk
e
_z-b/ . -2y

"MH 10 (2g-2p) @2 (5,W) e'i“]

'i“Kz"“)e G )T LG iy * Goma) oy

(20)
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For real 3z =1, *the magnitudes in the two brackets
are themselves also real, because 1n thils case they
conelat of a product or a sum of conjugate complex numbers.

Moreover e~1% = 1. The absolute value of dw/dz, on sub-
stituting the real value 1 for =z, can therefore be

wrltten as follows:
1m]e—id%

[C::-z\e %—E‘:—";y-

dw
dz

o [ S3a - zp) o  (zq - Fple7!® ] (21)
L0 - 200 - 5g) | (=50 - )
Hence at the blade:
1 n ela - -la %e—im
Gn = — Wcos & \T_ Za> (;__ﬁgﬂ
n A z-b T - z-b
[ (24 ~ zy)e® . _(Fa - zpieT % (22)
| AT D0 = my) (- E ) = 5y
The following notatlon is now introduced:
1 -2 1 =%
3 2 = el gpg —=F2 = pemiv. (23)
- zb T - Zb'

1ﬂza (1—za>(142b) (1~xa-iya)(1-xb+iyb)_

1=z (b=zy) (1=3y)  (l-xp=i7p) (Loxp*izy)

(Voxg ) (Vmxp J+rgryptt (L=xglwy=(Toxy)ygy .
= = p e v

a a2
(1“Ib) + Ty

Hence the absolute velue and the arzurent are?

-/m"xa)“"x'o)"'-"av'b]a # [ (Voxg )ypy=(Vmzy g
w = %] -3 = u(l)
(l—xb) + ¥y

(24)
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e bams. = (1 - x,) T - (I-xb).a 'v__ (1) (25)

(v = 2 )(V = x)+ 75y

la
(?:59 ° =(pelViela=pcos o g=v sin o ol{ln p ein a+v cos «)
l-29 .

e—la .
(?—z ) 2pCos C o= vein o e—1(1n & 8in @ +v cos a)
Hence '

la .a=ic .
l:_zﬁ ° }_:_-_E__Q ° = pa cos & e-cav sin a (26)
T2y TN

. -]
Eow raise the expression (26) to the nower % e~

[p2 cos & y~ayp sin a]a/(con a=i ein a) -
=pa/n(l+cos aw) g~a/mn v sin ac gl a2/n (lm B oin aa-av sin®a)

The absolute value 1o therefore

1~%a ) Ul
\1Zzq 7 Toop’

ua/‘n(1+cos aa) o~ 8/n v sln 2a =M(1)1/n

(a7)
Now transform the last factor of (22):

(zanzbei“ (EaJEbJa“i“

(=25 ) (1=zg) (i) (i)

(2,=24) (V=zg ) (1 )6t T+ (5, <y ) (Vmzg (VLomy) 01
(Vmzy ) (Vimmy ) (Vi g ) (Vmzyy)

Thlis expression is also €lven in Kgniz's paper (loc.
elt, (equatiorn (5)), whers the conditior is expressed that
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the coafficioant of 'l'a and the term not contalning 1 in
the numerator, must be equal to zero. This condition is
satisfled through the equations (12), (13), (14). Taking
this condition into accourt, there is obtalned by multi-
Plylng and collecting tormsas:

(2g=3y)eic (Fp~2y)e 1%

(V-2 ) (bozy) (L= )(l=zy)

21 [cos a(xy® ~x 2+y2 -y 2 )=2 sir a(x ¥i~xy¥, )]

) [(V-xg ) +7a] [(V=xy) 45y ] (28)
Thus oy 1s determinod as a real functlon of l:
en (1) = % w cos « u('[,)a"n(l"'COB Ty c2/0 v 8ln 2a
X k1l (29)

[(Vexy)® + 7,%] [(V-xy)® + 7471

k = 2 [cos cx.(x-ba-xa_3+y-ba—ya3) - 2 gin cr.(xa.‘v'-b—xby'a_)] (30)

X 1s thus indenendent of 1 vwhile m(l) =2nd v(l) anve

the vnlues jiver br oquations (24) ard (25), tho absolute

valuo of W(l) bvoing alwrys greator than zoro. Ili;: p(l)
—_—0

= 1 Tdecougo nrunorator ard doronminntor nro of tho same dow

groo anrd tao highest powors of 1 1in tho nunorator and

donominntor have the factor 1. V(1) <fluctuntos do-

tween tae.linits v, >0 ard v 4, < 0; _Llinmv(l) =0

bocnuso the dononinntor'is of algher dogrco than tho nunor—

ator. M(1) = p(1)2(2+cos aa) g=a¥(llein aa .4 nlways DOos—
itive ard finally

1in K(l) =1 (:-51)'
11— .

1in [M(1)/2]1 =1 (32)
n —>c

cn('b) boconos zoro to.the first order if 1 —>0.
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Moroover, [ch{1)] = O +to tho third order docause,
e - S e e o S
accordirg to equation (29) tho denoninmator of the last
fncto; is threo degreoos higzhoer than the runmorator.

-

Tho potontial for the disvlaconent flow ir the =z
plane, nccordirg %o equatiorn (5), is:

400
L ED) =% If cp(l) 1n (=z-1) 4l

where cn(l) has the avove—=detorsinod noaning. Thoe con-

Plete votontial for tko condined Tlow conpononts is equnl
to tho sun of the individunl notentialsa:

©(2) = 05(5) + Ou(x) (23)

The corrosponding transformaticz funciions are ziven g
oguation (18).

5. VZLOCITIZS AT™ TEE BLADE TIPS

Ia the complox potcrtial funcuior (32), thore ~reo in-
volved = runver cf nagnltudos whoso c-oico provlidos the
DPoasldlllity of rovreosonting the most wnricd types of flow
(w, p, o0, n). Malhonatically, theoso un3nitudos nmar be
chosen arbvltrarily without violatirg the sinzle cordition
that so far has bYesn imposed. This is the coniinulty con-
ditlor, which 18 expressed br the lanlace differential
equatlion:

-8 =]
AQ:—EOQ-F——ga =0
Ux oy

A solutior of this equatlion 1s ziven by the complex poten-—
tlal (33). Practically, that is, physically, two further
conditions still exlat which thus exclude tho possibility
of a corpletely arbvitrarr choice of all theso majnitudes.
The one condition, which practically always may ba assuned
a8 satlefied, stotés that tho water alwors flows off tan-
gontially from tho imvoller dlaodos. The othor condition is
genorally not satlsfilod in practico, though 1t is attonmptod
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always to sotiefy it as nearly as possible. This 1s on

the conditlon that the wrnter approaches the impellier blades
tnngentlnlly or, os the punp desi=ner expresses it, that
entrance be inpact-free. With both conditions simultane~
ously satlsfled, the punp ~ttains approxinntely 1ts opti-
nun officlency, ard 1s esnld to work i=n 1ts normal overat-
ing condition. This conditlior will be assumed as the ba-
8ls for further invostlizatlons. A lorge rajorlty of purps
have 20 suido vanos ahsnd of tho inpeller; thercfore the
water enters the impeller witkout internrl circulatlon.
This would mear that n rust be set equal to zero. This,
hoverer, will not be ~agsured to be the case at first, in
order rot to restrict the gererzlity of results too 3Ireat-
ly. MUathenatically axvrezsed, the above physical condi-
tiong state that tlhe derivative of theo potential &(w) 1ir
the w plane at the points corroumonding to the dlede
tips, hns a Tirito value. MThe nontangortial flow 1e thus
alwvars (cotiaematicallyl) cssceiated with the occurrence of
infiritcly lorge veloclties. Wo —ust therefore have b €
%2 € B vwhore b and B onre two firito maznitudes ond
v w=wBi

V=Wgn

Wgy &and wg, donoto respoctlvelyr the irnner and tho outer
tips of tho blade. Iz the g plane thoso nolnts corro=
spond %to tlhe polntse 2z = 0 nrd s = o, respectlivolr.

dd{-Y 49(z) d=z
Now, -—-— = —3 once,

dw dz dw’
lap(z) dz
< [ I
b = I P e :=: S B
az _ i r/fh\eim (w~% \Ia-iml- 1/n e~la
am “ % © i_\z-zb/ \z—“""'_;_o/ J

(z-35) (32 ) (z~2,) (2=2y)

-]

wilth accourt taker of equations (20), (28), azd (30).

iz
cw

{ thus pecomes infinite to the first order, be-—
% =0

cause the fifst factors ard the nunerntor of the last fac—
tor remnln finite while the denominator of the isst foce—
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tor approacies zero linearly. In order that ﬂﬂﬁ%l anve
o finlte vnlue, i%ﬁil nuat equal zero to the firat order
1f =z 1s set equal to zero. The firast condition equation
(for impact-free entrance) thus reads:

[dtbd(z) + dév(n)] 0
dz dz  Jyg
Now
a@s(s) g + im LB+l g~ in . 8= ig
d= g = Zp Z - 2y Z = %n Z - By
- - i
E¢h(32 - . /g *+ in L B + 1o L 4 im_+ s - 13,
R qxa Lo I:l',v'a + Sx-b - 0_3:_1'._’
x,? + w,° X2+ Ty

Tho conmplex votentinl for the dlsplacenert Zlow 1s:

+co

dyl=z) = /[‘ P(1,z) 41, whore F(l,z) = o6,(V) 1n(z=l)

-0

The function F(l,z) satiofles the following conditlions:

1« F(1,z) and the partial derivative -QE%;LEQ =
z
en(l)
;B:_T are continsuous Tor every ardbltrary 1

and every z # V.

2. F(l,s) ana @f(l.%) vecome infinitesimal %o
G2
higher than firsat .order if 1—>* o. Ths

derlvative can therefore bdc odvtained dy diffaer-—
entlating under the intesral sign:

+o

8y (x) _1/’ ea(t) &
dz o - 1

:l
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Fo .
4 (2)] =_1fcmaz=-_1_n
[ ol ] 3 : t¥W (34)
zZ=0 —&
with T
N, = /‘En_(%l_‘ﬂ (35).

so that the condition equation assumes tre form

ad(z) 7 qx, ~ny 8X3,—0Y 1
IO P O RET RTINS
_lz=° I"b ™

Ia ordor to bo able to set up the conditlioz for the
aPg(=) ang B (2)

dz
must bc expanded in series of decresasing vowers of =z

tenzgentlal flow, the derivatives

ddga(z) _ (a+in)(2-Z,) + (q=im)(z~zg4)

d¢d(z) 2
z

dz (z~2,)(z~2,)

(e+i0)(z~3y) + (s=lo0)(z~2y)

(Z-z'b) ( Z"_z-'b)

By dividing out thore is obtained:

2 2
(g+s) + -z (qx,—ny +exy—~oyy) + 73 (f...) +..(37)

dz
- e “+oo
0g(z) 2 [ cptidar 1)1
% "5 =T <3 ;./ °n(1)at
oo
& 1)1 al
1 / c
* g / en(l)lal + — /[’ = (z8)
sinco '
1 1 1 12 1
2 - b z * z2 * w2 g - 1
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+co ]

a .

cn(l)l 47

It will now be shown that the.intozralL/P a1
) —C0

beconesaequal to zero 1f g—>»o. TFor this purpose,
6, (1) % = £(1) nust be developed into o power serios in
(1/1).

cv(l) A

1"+ a1® + o1® + £l 4+ g

on (1 = a s(1)? o

The throe fectors, functlors of T, may all bo reprecent—
ed as power sorios in (1/1) which conTorge absoluiely
within a definite interval = r, < 1/l < ry, which also

includes the point 1/1 = 0. Also the product of there

three factors may then bs reoresonted ns a power series

for (1/1) with a definite gonvergence interval. 4is

shown esbove, ilim (en(l) 1° =0 to tae first ordor.
o

The power serles thus has the following forr:

e (V)12 = 22 4 22,
n 1 IE

e
)

F oane =

22 (39)
1 In

<t
[}
ni-lg

n

and converges in txeo intorval p, = 1/7:' < 1/1 < 1/la! =
P, vwhere 1,' < 0 and V2% > 0. TFor =211 values within

the convergence intorval tte serles conversZes cbsolutely;
1f 7 < 11? or Vv > 127. Tho limits of the convoergence

intorvals are not of importance, the essontlal conzldera-
tion beinsg that such an interval with finite limits 1,7,
1a?' exists.

The intogral to be investizatod is split up into
throo~part intogranls:

+oo l, la oo

exW a1 [ epunfa | P oouunfar | [ eqina
i £ -~V z -~ 1 N z ~ 1 -/ z ~ 1
-—0D -0 . .',1 .La
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¥ < 1,'<0 and 13> 1,' > 0. The intcgral J; con-

vorgeos to zoro for incroasing gz 'sinco 1t has finite lim-
ite and 1lim (2 = 1) =o; 1in Jg = 0O to the first order.

Z —e
In order to estimato the integrals J;, and Jy, the

. . . 1):8 , - ] .
expression Ei('); 13 transformed by setting for cn(l)la

the powor series:
Ten (1)1 8y ag ax
pe — = + — + =P
z - 1 1(z=1) 1 (z=1) i {z=1)

+ oo o e

_

1 (z-1)
2 -1 in the de1orinator. andltno ronalnder developod
into a serias of nowers in ¥ '

" SR L T . S TR I

.The genoral torm is broken up into a torm witlk

{ (z~1) 2z {zel) 2™ z 1 zl
Then
en (W07 = ; '{' 1 A L
g - 1 n=1 22 (z=1) %1 z1®
How
1 _ 1 L1

'lln(,z| - hb B izln( h|“—41r) 'klplll

+'_'_1“'_" XERLE) +'—_1—_—
FET 5| 1=

Hence ) '

1 1 + 1 - 1
= k=] T R =R T PR W T [ R e

1 1 ' 1
M LT * I T

] = 13 =
Hultiplying by lan; and adding, ‘3ives:
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1 1 w  lenl 1 s lon|
Kez=1) el - |z|> =1 '[z|1*"('|,;|:gr| Yoa=1 R} ™

A N
l n' Iz-l' N |z|n=1| lzl |1In }

The two series on the left side converie absolutely
however, orly if ¢ ard 1 fall within fae interval. of

\ a
convergence of the series (39) cn(l)l = n§1 ;%. Hence
the series on the right also converges absoiutely end thus
satiasfles the conditior for chan3ze 1n order of the terms

‘'of the series. 3Br a disarrangenent of the terms, there 1is
optained: .

e L f 1 .1, s 1)
z = 1 n-1 % gB(z-1" %7 g12
© o = ak+
= C;E_ 1Y &, 3 LS 2F_E
- 17 n=1 g A=1 27\ r=1 1" 41
Hovw
s Ar 11 3 _1_ % eMl
z aATr - L . T -1 p¥
A= é& p=1 1 +1 z 12 A=1 % —+ p=; 1¥-1

This double ceries starts with a term that contalns
1/1 ; therefore it can be inteirated fron - o to .1 «

O, =and from ¥ > ¢ to +eo 1f 1, and 1l 1lle 1n the

interval of convTergenco. The value of these intesrals ap—
proacies sero as Z—>m." There stlill remaln to be con-

1
sidered in zireater cdetall, the two intezrals s J

-]
1 N f s 1 L ( an\
—_ 3 —_— at . = % .
) P il end s, . gt ) ! n=1 gB/

following expression will first ©e conputed:

L

For this convergencs wnroof as vell as various susgestions
for the rathenaticsl treetnent, %he author is indedbted to
Professor Bochn, Karlsrule.
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dil ar -l -19-
°1u/n ) + slh/P ponr B In :‘Iu - 8, 1ln :~12
(2-7!1)<5"1°_)

(2=1y)(z~12a)

ds 18 knmown, the liniting valuo of such expressions as
lo—>+ o and 1,—> o deopends on tho rarner in wkich

the 1limit 1s anvproached. Tho result will be different,
for example, 1f we set 1l = ly or 15 = l,®, and then

pass to tho 1limit. In this caseo, however, the rmannecr of
approacaling the linit 1s zivor by tho tyre of transforma-
tlon functlion w = £(z), 1, and 1, boing the two valucs

in the g plane waich corrospond to the sare point of the
blade ir the w plane. If, now, w mnoves toward the ond
of the blade turnod away fron tho orlgin, tien 1, ard Uy

approach infianity in euch a nacror tlaat llo/lul = 1. (Soe
oquations (22) and (23).)

In the exprossion

r (2=13)(z=1, )]

lin lin 1n ~————2-
z -2 |1, —>to L (z=lyi(z=lg)
ly—>="
we pust theroforo sot |1°| = llul. There is thon obtained
) -1 -1 r -
1in 1z J1in fz_llgg"_f;] = 1in [1= E___}"_:.-I =0
tu-—)"m
Sirpilarly, there is found:
1
a;dl 4_21’,:3,1 1in l-]_n.'l _L]—a,llr_._:!'.
'b —> 40 u iy

],u_b—m
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By conmblning the two partial results, there 1s odbtalned:

o - - - -

. m B
1in r / ep(l). u] =0 (40)
g—Doo~" & z =1

Eg%éil and d¢7(zl _are nOW 6X-

randed 1n decreasing powers of z. For g% —»om, the de-

rivetives become equal to zero to the third order. This
15 made possidle by the fact that the coefficlents of the
terns wita 1/z and 1/z2® are.set equal to zero. In
this way there arise two further equations of corndition:

The two derivetives

4o
1 'n
2 (aq+s) + e cn(l) dt = 0 (41)
J-_m ]
2 (qxg =~ nyg + sxy - ayb) + :} =0 (42)

vhere there 1s introduced the relation

“+oo

[ amiaan, u3)

Thlg 1 the conditiorn for tangentlal exit.. The first
of these equatlions nmerely states that there is no dlverg-

+oo
erce., The integral fm cn(t) dl. glves the entire mass

of water in the = plane which the impeller blade, con-—
sldered as e source, would produce. This quantity, natur-
ally, nust be gero sirce the bdlade 1s actually free of any
sources. JAccordingly,

q=~8 - (44)

In order to bring out tab anéular veloclty 1n the re-
naining two conditions the nbrhal component, whle: is pro-

duced at the argular velocity w =1 4is denoted by on'(1),
80 that

en(l) = w oyt (1) (45)
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Moreover, the argular veloclty and the clrculation adout
the bdlades with inpact-free eantranco will dbe denoted by
we?! and O0,!', respoctively. The two nmaln equations then

becone (with Nl,a = wo'-Nl,z')

x.. + O}y w.!
2 (qza = Oyg - = J §>+ f%— gt =0 (46)
r
b
o
2 (qxa = nyp = axp = Op' yp) + - W' =0 (47)

so that 1n both condition equations, only the terns qxy -~
D¥as @Xp + O ¥p and 1ry occur,

6. COMPUTATIOR OF TEE rERFOIMANCE

The hydraullc torque developed by the pump is D =
QY II'g

1;-3;—. the dellvery aead produced-is H = — —— « whers

w 1ls the angular velocity, @ the quaniity of water, and
I'g the circulatlon about o dlade. The flow in the impel-
ler is congruent, however, ir the fields between two dlades,
so that XI'y = n I'y where n 1is the number of blades.

In the notatlon thus far employed, 2m m 1s the circula-
tion on a curve within the inveller~blade system about the
axls of the impeller, while 2m o 4is the circulation of
the water discharged from the impeller. It is to be noted,
however, that with w = f/i;, the values gq, m, o are

nultiplied by =n. 'In the w plare, therefore, the wanter
discharge Q = 2m n q, 3inner circulation Pi = 2y n n,

outer circulation 'y =2r n o, circulation about the
Ylade Iy = 2n(o=-n). The “‘orque of tho centrifugal punp
2w q n3
Irvestigated is thus D = 7z
head X =¥ n (o - o).  Equntiona (46) and (47) now nake

Possldblo the computation of the tcrque and delivery head
for each spoed ard rate of disclharge. For the following
conputatlions, there will bo assumod a pump without zuide
vanes at the entrance; 1.0., with water ap>roach froe fron
any rotationasl component n = 0. Equations (46) and (47)
then becono:

(0 = m) and the dolivery
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ot . - LWt .
Q(xar'b-a. "-I"b-)- -’ 09- 'Yi-,- ".'.-'_—agr'T'i"_\r-ba Hpt =0

S
a(xg =, xp) = Og'yy *+ ?ﬁ; N?f =0

From these and equations (15) and (16) follows:.

w,? = : 2. q ©© (48)
N, '+ rb.Na'

0g1 = g 2T %e) ULl Z *p TD) (29)
) ("'111' + r-ba Ha,) FB

7. COLPARISON WITH "IXKFIKITE HJMBER OF ELADES™

A moet ilmportent charasteristic of the results thus
far attalined is tze possitility of comvarirg them with
the relationsg obtaired by the Euler formula. The latter
is

Y
= SE (cya Ta = Cu1 ry)

The condltlon for imract-frese entrance in thls case 1s

~
Ugo = Wy = Wy, = f? tan o (fig. 7) (50)
where u 18 the perinheral speed, c¢ the absolute speed,
w the relative speed; subscrirt 1 denotes inlet, subd-—
script a <+the exit from tie impeller, subscript u the
peripheral compoznent, surscript o 1lopact-free inlet.

- From equation (50), the value w, for inmpact-free

entrance for the case of "infinlte number of vlades," on
the assunption of vwhich the Euler formula 18 based, 1s
computed ag’ .

wy =S ten e B9, (51)
Fy r
11 i

wheré Ty = 2w ry. The ratio of the enzgular velocitlies 18
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_ ' . . - a . . + .
$° - Ty 2m (zb Ty - :a,) (52)
° n tan o (=N,;! + vy H,Y)

The value r; 18 computed from the transformation
functlon by substituting 2z = 0 and taking the absolute
value 13 = |wy| of the ~priputed value w,. It is inne-

diately fournd by conmparing theée two equations (48) ard (51)
that w,'! f we bdut wy! < Wo» This regults from the fol-

lowing consideration (figs. 8 and 9). 1In order that torque
may be developed, there must exist about each blade a cir-—
culation I;.; wnich reduces the velocltles ot the lower
side of the blade and increases them at the upper side.
As a result, the rodial absolute velocity ¢, at the

source in the axis is rotated by a certain arngle to the

right and carried over to co'. In order that the water

shall- enter the blede tangentially - that is, with the ve-
locity w, - the impeller must rotate at the entreonce with

the peripheral sveed u,'. With the assumption of infi-
nlite number of blades 1"B = 0, nnd the absolute veloclty

l1s st1ll radizslly directsd at the blade entrance. 1In thils
cese the tangential avpnroach is affected by the periph-—
eral speed u,, =and from the diagram (fig. 9) tho result

is fourd that u, > uo' Tor w, > wb'. As the number of

blades n» approaches infinity Pé—%bo and 1lim wb' =
UJO or n ——3>Cd

1im F%%r] =1 (53)
n—>eo L 0J

A comparison of the torque computed oy the Euler for-—
nula wlth that computed for the potential flow, 18 slg-
nlficant only if, in voth cases, the scome operating condi-
tion, determined by w and g, 1s assumed. TFor impact-
free entronce, however, a differert value of w was found.
For the furthcr computation, only one value — either w,

or W,! cen be used ne o basis. For this purpose, uhf

l1s chosen because only then are the two condltion equa-
tions (46) and (47) oatisfied if n = O, It would be in-
practical to start from one of these volues s a baslis be-—
cause 1ln one cnse the fundamental assumpdtions for the con-
putation would have to te changed, and in the other case
the conputation would hold only for a punmp with gulde
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venes. For w = w,!, the computatliorn ?r Zuler's nmethod
‘no longer glves inpnct-frée entrancé. Thld, however, doos
not affect the wvalueo for the itorque eince, for the lattor,
only tho rotatlon at the exit comes into questlon,

(eys T3 = 0)

Do = %g CunTas Ta = 1, Cyg = Up~Wuy = wiem g tan a,

DO 1. = ﬂé{ n OO ! (54)
:DQ' = noQ’ = n (x'b"za.) (jl ’—r.b Ha ') = (55)
Do Cun  y3 [(xpry+xy) 2m = n tan a(Hy '+ry ¥at)]

8., VARIABLE NUKSEZR OF ELADES

Throu3h the cloice of the masnitudes a, Z,, and 2y

in the transformatlion functior, irmpollors are ovtealned
wkose blades aave o cortnln overlop ratlo n. The 1lattor
is independent of the rucdber of vlados n but the entranco

rodiun Ty arios og o fureitlon of n ir such o nrcnor
that lin ry = rpa = 1. Tho 1linitin3 caso for tho Hlade
n —>w

arrangemneont 1n tho innollor is thoreforc tkat of infinlto-
1y many 1nfinitesinally small blades. EHence, rlso

D.1
1in [—9—' i1s not ocual to.l, tut has a differert value
n—5e [ Do | -

which will be conputed below. Fronm oquations (29), (35),
and (4%)

. +o
X /“ 1/n 10a1
v - X
n Wy T o8 a y ¥(1) = (1)
-0
oo
y _ E 1/n _dl
n Na' = = cos a t./’ (1Y = (1)
- 00

where

r(1) = (1 = x5) + ya® ] 1 = xp)° + 3742 (55)
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ep(l,n) = k M(I)l/n 1/r(V) as a function of =n has a
Pphyslcal reaning only for intezral nositlive values of =an. .
It is imrediately seen, however, that e,(1,n) exists
elso for any arvitrary positive value of =n. Denoting by
Mpip and M.y, respectively, the smallest and largest
values that (1) can assume, then for each arbitrary fi-
nite interval 13, < 1< 1,, we have:

lo . lp - lo
1/n 1° a1 ' 1/n 241 1/ [0 B4y
-
Hﬂin'f r(-‘,) / u(l) 'r' (—” < Hna.x' 'T_Sr 1
or
+o +o
1/n 2 1 1/n 18
nin |/ r(1) c{J (1) r(l)
- 0D - O

Thls inequelity 1s satisfied for every small €1,2>
provided only thnt |1u| and- |1°| are chosen sufflicient-
ly large. In the liritins ecase, we hnve, therefore:

+o +o
1/n 24 1/n 1/n
ol [ Rgs [aor R eal [ oy
— -
With the aid of equation (32)
=0
n N
__1___1 f =
nlifm Lk cos o} I (57)
“+o
" 1inm UJ= f b -5 (58)
n—>om Lk cos .t r(")
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- The two integrals on tho right are to de takon over a frac—
tional rontional functidn 'rnd therefore can -be evalugted in

firlte form. The scolution 1s obtalned dy breaking up into
partial fraciions

12 _A1+3B __CL+D

a 8 2
(1 =2x,1+1) (7 —21b1+rba) 18—2xat+1 Igdgxb1+rb

For the deterninniion of the coefficients, there are four
equations: '

+ A + c = 0
- axb A + 3 - Exa g + D = 1
+ r.Da A -2xy 3 + ¢ ~2x;, D = O
) =
+ Ty B . . + D = O
The deternirant of the cenonirantor is:
1l o} 1 0
-- - I
-2xy 1 -Exa 1 --2::a 1 11 --2:::.,_1
¥ = = r_ba +
T8 —2xy } -2x, 1 | ~2x,| [=2xy 1
-}
0 Ty 0 .1
—2xy 1 =2xy, 1 .
3 1. Bk = (r.B -1) ~4x, X7, ( r2 +1)
2 .2x . r.2 2x
Ty a b "Xy
i ¢ '
0O O 1 0
l 1 -2x - 1 - a -y, B
A = & %.: 2xb+§xa'rb ° B = .]..._;_b_
0 ~2xb 1 --2:a
a
0] Ty o 1

X ' X
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Having determined the coefficients, the integral can
be - evaluated (HEutte, Bd. I, or Bierers de Haan, Intégrales
Définles, tadle 22, 14).

+oo

4o
J/w (Al+B) 4l - = (B+Axa)§ J/q (Cl+D) a1 ., m (D+0xy )
- 00

a3 2 2
v -2x,l+1  Ja 1 =2xyl+ry 4"

+o -0
- wva 1 1
J, __'/n sl [i; (B+Ax,) + 7 (D+be)]

In exactly the same way the seocond inteéral 1s evaluated:

1 __EL+F . _GL+E _

(17 =2z 1+1) (1 ~2xyl4r, ) 1523141 1 —2xqlézy

2 — 2
£ Exb—aza 4xa -1 413':::-1_,+::-.b
= e— v F =
N
2xa—2xb 1-4Ia1b+4.-1'ba —r-ba
G = = B = — = . H = ¥

Jg = n-[l; (P+Exy ) + é% (E+be)]

L
Jy (1~rb3—2xaxb+2133rba)yb+(rb‘-rb8+2xb8-zxaxbrba)ya
T
' 2 a
Ja (2x," —l+ry —2x,X3)yy + (L-ry®-2x,x,+2x,%)y,

The fraction 1s transformed by substituting Ty =
Ty ¥q 8nd, in the upper right parenthesis, ' xy? = x Fr.2,

The terme at the iower left and upver right then mutually
cancel and tkhere is obtalned:

I, ¢ I, =1y (59)

= (zp=xg) (Jy ~rpJa)

[noo :
®ua ¥, [2m(xyry+x,) ~ n tan a.(-J1+r.ba Ja )]
n—>o

(60)

olo
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The numerator becomes zero on account of equation i59§.
"and the denoninator on account of equations {52), (53

17 a1 ‘ /o _al
nogt _ _ka (J/ MOWREEY - m s xaPR Ry) g

%aa

1/n P a1 1/ al N(n)
g=iey (= S (1) R L

. ]a
The functions under the intexral signs H(t)l/n r(l)
1

and _H(I)lln =) satisfy the following conditions: The

functions themselves as well as thelr derivatives with re-
spect to n are continuous for arbitrary ‘1 and positive
n, and possess a finite inproper integral hetween the

lin?ts 7 = -« » and 1 = + ». The integrals J; end Jp

may therefore be differentiated under the integral sisn
and thero 1s then obtained:

Z'(n)
Xt(n)
1 a .  y d?
o ;1-5(1 ¥R 1n (1) 71;(;'“5-%! ML Tn v s
B 1 . . 1 a1 % al
iy g (- FEOT 1 BQ) LS enE S E0)Y 1 ¥() 753

On the basies of the sane considerations that lead to equa-
tions (57) aad (58), we have:

nor*
lin r 2 la -
n—eo L

'Bad.'l'_ 1 ar
X, (f 1n M(1) TN vy Jo1n (1) B

. 1P a4l _d1
X, (-j ln ML) Ty 4T S in M) 155

(61)

Those integrals may be numerically eovaluated and the lin-
1ting velue directly computed. The constants k; and ks
aro determlnod by equation (55).
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9. CARRYING THROUGH OF A NUMERICAL EXAMPLE

As a practical application of the procedure, let
there be chosen an impeller as nearly similar as possible
to one in actual use (fig. 13). The ‘nagnitudes that de-
termine its.shape are the following: Number of blades
n =6, blade angle a = 60% overlap ratio m = 1.31.
The three nmagnitudes give a ratio between the radill
ry ¢ ryg = 0.455. By varying the nunmber of dlades with «

ard nm constant, impellers are obtained as shown 1n fig-
.ures 10 to 15. Of these impellers, naturally only those
with n =4 %o n'= 12 are practically useful. 1In the
other cases the ratios of the radil have extreme values.
The two magnitudes a and n, deterrmine the as-yet-free
constants =z, and g2, of the transformation function,
equation (18). 1If it is desired, with conestant ratio of
radili, to change the number of blades, it 1s necessary to
change a2lso’ m and hence also, 3z, and. Zy; l.e., a dif-
ferent transformation funciion is obtalned. Since only .
one transformation function will be computed as an exanple,
only the inmpellers shown in the figures can be investigated.

There is given n = 1.%1 : a = 60°, Equation (17):

1’.=_§.E__=3_03
h gin 2o

The proportions of the blade system are thus determlned.
Equation (12) is transcendental and cannot be solved for
3, By trilal there 1s found &, = 30° 8!

Equation (14) then gi7es directly Ty = |z| = 372.6
1f r, = Izal = 1. I% is surpricing that the point =z, =

4
Ty 61 b lies so far fron the origin. This 1s connected

with the cholce of n. The zreater the overlap ratio, the
farther out does the point zq, Dove and the nmore acute 1s
the triangle (0, z,, 2y)-

- ¢
g = 1 e%(" %) . Xg + 1743 £y 372.6 ei v xy t+ 1¥y

X

]
I
o
L ]

2]
o
o
-

J, = 0.502: x

a 322.3'. y-b = 187.1

The individual factors of the norcal veloclty cn(l) can
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now-be computed, equations (24), (25), (29). The furc-
- thons en?(1) ¥ and cn!(l) 1/1 .are also known and may
be drawn. The integrals of such complicated functlons,
naturally cannot be expressed in finlite.form, nor can the
definite integrals “rom' —~ o to + ® be exactly deter-
mined. There remains practically only the possibility of
evaluating the integrals N;?! and XNg!. which occur in
the two equations of condition (46) and (47), by planin-
etering. The difficulty that both integrals are improper
is net by an aprroximation computation. Using equation
(31), we may write . :

cn'(1) =2 s [1 % €'(1)], 1f 21,0 ama 10 = £(e7)
- (82)
In the above equetion the absolute value of the
nunber €'(1) con be nade smeller than nny positive num=—
ber € oy choosing Zo’ sufficlently large. Sinilarly,
we naev wrlte

ep'(l) = T %% [1+ €(1)] and €(1) < e, 1if

121, and 1, = f(e) (83)

Corresponding equations hold with the same € and 1,
. (1
for the functlons cp!'(1)l and 23—£—2. Wo then also
have v

+co ’ o ) .
.k al ¥ 1
f ept(NA = n../-. L [1+e(1)_] =2 %, (1+0) (64)
lo -1
where O 18 & nmenn value of the functio €(l) whence

follows that |o| < ¢, :

+o +o
(1) k at : k -
f E&,"__ a == [ 7 [1+€(1)] = 5o _"—:‘;‘3 (1+7)  (65)
°

wvhere T < €.
The residual intezrals froro 1o to o and fronm ~ls

to ~ =, car therefors, to any desired accuracy, be ro-—
Placed by theo above closed expressions. The functions
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ent (1)
cp (1) 1 and _gr___ were computed for =~ 1000S 1 S +

1000 by the sxact oquation (22), thon in the interval

1000 <V <V, by equation (62). The value of 1, was
variously chosen for the different computations, - €! beilng
neg¢lected. Tho residual intesrals were replaced dy equa-
tione (54) =2nd (65), whore again O and T wore noglected.
€, 0, T can easlily bo estimated so that the irtegrzals nay

be eveluated to an error of less than 1 percont. The nu-
nerical results are collected in the tadble bolow, and the
s n0
end —2 = £, (n)
Cua

(o]

w
functions B, = £, (n) are plotted in

figures 16 and 17.

2 fme owe | w | E [Pl
1 | 445 0.01445 | 0.00851 | 0.020 +0.377

2 | =m0 .0569 .C923 .2%4 +.514

3 | 242 .1025 .2042 .433 +.579

6 | 150,7 .152 .4545 . 715 +,679
12 83,8 1447 672" .816 +4685
24 44.9 .0957 .8198 .92 +.704

The valﬁéé

wo' for an arblirary number of blades

may be computed to the accuracy obtainadle with the pla-
nimeter. .The computation - of 0,1,

puted az a differsnce,

ZOIro.
= + 0.45,

ond for
Thusg, for examnle, for

n —=—>co
n =24 05! = ~ L1723 + 2,17
The figure 2,17, 1is obdbtalned dy planimetoring
and contains the unavoidadle.inaccuracr.

howaver,
accurate for & kich number of blades becauso

tecones in-
00' .1s con~—

itsolf approacnes

The error made

in planimetering, as the figures show, 1s approximately

guintupled.

tio of radii ry/rs = 0.82.

Cua = Un

This is malnly the result of the exireme ra-
(Aleo the value

"Wun 18 determined as a difference.)_ In actual pumps, euch
'vélueS'of'thb.rafio_of'rpdii do not occur and an accureccy
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of 2 percent mer be attained with relativo ease. The lin-
" 1tirg-value for mO0p'/ey,” for infinite-n is from equa-

tion (60) found to be

r ?
11m | 2% , = 0.775
n—eo L ©

the required inte3zrale belnsg cvelunted by tho planimeter,.
Figure 17 shows the result, femiliar in punp design, tant
that the torque of a pump is alwars smaller than the value
conputed by the Euler method. Only experiment can decilde
how far the theoretically conputed values a3roe with those
oenpirically obtained. Of the assumptions made here, that
of frictionless fluld 28 of the zZreantest imnortance. It
mnkes necessary the assumption of an iritially given cir-
culation since no vortices or circulation cnn arise in o
frictionless fluid under any clrcumstance. Practically,
vortices do ~srise which nre shed from +the dlnde tips and
cnrrled elong with the fluid. U~ny tests, nevertheless,
have shown that the flows in centrifugnl machines in the
nornal operoting condlitlon Go approach rotentlial flows
very closgly. (See, for example, the dissertetion of
Oertll, Zurich, ~nd nlso the older works of Schuster and
Zllon in the Forschungsheften des T.D.I., nos. 82 and 102,)
The normal operating condition for ever; pump is character—
i1ged by n definlte ratio of rate of discharge to rotational
speed, If this ratio i1s strongly varled - l.e., for ex-
treme operating conditions — flows are obtained that no
longor agreo with those obtained Dy tho computation. Prac-—
tlcally no infinlte veloclitles con arise elther at the
entrance or the exit of the impeller, oven with no inpact-
free entrance and tangentinl exit. Uoreover, the comrpu-
tation does not predict how far tke tanzentlal flow 1ls
nalntnined. Infornatlion oz this can be obtalnoed only
through physical investigntions (analogous to nirfoll in-
vestizgations of nirplanes). Thus, there are limits to
the czreoment votwecn rectunl flovw nnd that dotormined by
conputatlon. The detorninntion of theso lirits ie not
essontianl, however, 1f the invesitigation is restricted to
the nornel operating corndition, nnd since 1t is thils lat-
tor condltion thnt is practicnlly of srentost interost,

the above computations are of somo inportance.

Transletion by S. Relss,
Natlonnl Advisory Connitide
for Aeronzutics.
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